N TONS OF THE
.{%R éﬂ lbodA l?EMTATlCAL SOCIETY
Volume 237, March 1978

NECESSARY AND SUFFICIENT CONDITIONS FOR
THE GHS INEQUALITY WITH
APPLICATIONS TO ANALYSIS AND PROBABILITY

BY
RICHARD S. ELLIS(') AND CHARLES M. NEWMAN(?)

ABSTRACT. The GHS inequality is an important tool in the study of the Ising
model of ferromagnetism (a model in equilibrium statistical mechanics) and
in Euclidean quantum field theory. This paper derives necessary and
sufficient conditions on an Ising spin system for the GHS inequality to be
valid. Applications to convexity-preserving properties of certain differential
equations and diffusion processes are given.

I. Main results. In this paper we extend earlier results on the Griffiths-
Hurst-Sherman (GHS) inequality [EMN] and apply them to derive
convexity-preserving properties of certain differential equations and diffusion
processes. The GHS inequality is an important tool in equilibrium statistical
mechanics and Euclidean quantum field theory. (For a discussion of physical
applications, we refer the reader to the introduction and references of
[EMN].) The inequality will be discussed in §II of this paper in order to
highlight the connection between statistical mechanics and differential
equations. Theorem 2.4 of §II gives necessary and sufficient conditions for
the GHS inequality to be valid and is the main technical tool used in deriving
the results of the present section. A self-contained proof of this theorem is
given in §IV. The theorems of §I are proved in §III with the aid of the results
in §II.

In order to state our results, we define three classes of real-valued
functions:
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V= {V]V: R - R is even, continuous, and Illim V(x)= oo},
g = {V]V € ,V(x) = const +fo"G(y)ay
.1
with G(0) = 0 and G convex on [0,00)},

exp(—V,) = {f|f = exp(— V') for some V € V,}.

We will say that a finite measure p on R belongs to exp(—V) if p is
absolutely continuous with respect to Lebesgue measure dx and dp/dx €
exp(— V). Note that the class V. in (1.1) can be characterized in various
ways (V' denotes dV'/ dx):

Y = {V‘V € %, V, is differentiable except at x = 0,
12)

V" is convex on (0,00), and lir(x)1+ V'(x) < 0},
X!
V. = {MV € Vand V(x) = ¥,(x) — y|x| for some y > 0,
13
13 where ¥, € C'(R) with ¥, convex on [0,00)}.

THEOREM 1.1. Given f € exp(—V.) and V =0 or V € V, we denote by
u(t, x) the unique L*(R;dx) solution of the parabolic partial differential equation
du

14 n —-Hyu (t>0x€R), u(t,)>f ast—->0%,
where H,, is the differential operator,

_ 1 9?2
(1.5) H, = —3 -Ex_i +V(x)-.

Then for all t > 0, u(t,') € exp(— V).
For ¥V € V, there exists a basis {€;; i = 0,1,2. .. } of L)(R;dx) consisting
of eigenfunctions of Hy:
HQ,=EQ, i=012...,
where @ > 0 and Ey < E, < E, < - - - [Ti, Chapter 5], [S1, Theorem II.1.5].

H, may be thought of as the Hamiltonian of a one-dimensional quantum
mechanical system, and our next result concerns the ground state &,

THEOREM 1.2. If V € V_, then @, € exp(— V).

By way of comparison, we mention the result of [BL, Theorem 6.1]: If
V € V is convex on R, then £, = exp(— G) with G convex on R.

The GHS inequality has also been applied to properties of the eigenvalues.
It is known, for example [S2, p. 335], [S3], [EMN], that when V € V,
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E, - E, > E, — E, (with equality for ¥ = const x?), and that (d/da)(E,(a)
— Ey(a)) > 0 for a > 0, where Ey(a) < E,(a) denote the lowest two eigen-
values of — 1 (d?/dx?) + V(x) — ax.

To apply the GHS inequality to probability theory, we associate to Hy,V
€ V., an operator

19 2
L,= " +F(x) =’

where
(1.6) F(x) = (d/dx) In Qy(x).

This definition is legitimate because 2, > 0 and £, € C***(R), any 0 < a <
1 [BJS, p. 136]. The operator L, is the infinitesimal generator of a unique(®)
(up to choice of initial distribution) one-dimensional diffusion process Y (f),
t > 0, whose invariant distribution is (Q(x))? dx/ [(2(x)) dx. For example,
when V(x) = x2, Y, (f) is the Ornstein-Uhlenbeck velocity process. We
follow the standard practice of writing E, to denote expectations with respect
to the process Y, (f) with Y, (0) = x. The next theorem gives convexity-
preserving properties for the “backward” and “forward” diffusion equations

associated with L,,.
THEOREM 1.3. (a) Given f € C(R), define

a.n h(t,x) = Ef(Y, (1)),
which is a solution of the Cauchy problem
oh/dt = L,h, h(t,))>f ast—>0*.

If Qo f € exp(—V,), then for all t > 0, Q4(-)h(t,) € exp(— V).

(b) Let p,(dx) denote the probability distribution of Y, () for t > 0. If
Q5 'po(dx) € exp(— V), then for all t > 0, Q5 'p,(dx) € exp(— V).

(c) Both results (a) and (b) and their converses hold for the Brownian motion
process (V = 0) if we formally set @y = 1.

REMARK 1.4. There are several simple extensions of these theorems which
can be obtained by utilizing more fully the results of Theorem 2.4 and
Proposition 2.7. First, all conclusions remain valid when f in Theorem 1.1 or
Q,f in Theorem 1.3 has the form given by the right-hand side of (2.7) with
I < 0. The same is true if Q5 'p, is assumed only to be in § (see Theorem
2.2). Second, all the results of this section extend in a natural way to the
analogous differential equations on a finite interval (—I,I) with Dirichlet
boundary conditions and to their related diffusion processes.

(f)lt suffices to show that the boundary points + oo are inaccessible (i.e., no explosions occur).
This follows easily from [M, p. 24] and properties of .
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I1. The GHS inequality. The GHS inequality arises in the study of certain
lattice models of ferromagnetism. These models consist of a finite family of
real-valued random variables {X;; i=1,..., N} whose joint probability
distribution on R¥ has the form

1
Z(hy - - -, hy)

H, the Hamiltonian, and Z, the partition function, are defined by

N
exp(—H (%, - - -, xy)) 1L p(ax).

i=]1

N N
(PRY) H(xy,...,xy)=— 2 Jyxx; — 2 hix;,
ij=1 i=1

N
Q2 Z(hy...,hy) = fR exp(—H(xp, .- ., %)) Hl pi(dx).

=
The indices i and j typically label atomic sites in a crystal lattice A =
{1,..., N} of N sites. X; denotes the spin of the ith atom, J; the interaction
strength between X; and X, and A; the nonnegative external magnetic field
strength at the ith site.

Warning. One usually requires J; > 0 for all i;j = 1, ..., N. In this paper,
we relax this condition by allowing J; to be real for i=1,..., N. See
Remarks 2.1 and 2.5 below.

The p; are measures belonging to &, the set of even finite measures p
satisfying fexp(kx?)p(dx) < oo for some k > 0. The choice of each p, as the
Bernoulli measure (§(x — 1) + 8(x + 1))/2 defines a spin-] Ising model
[Th, Chapter 5]. It is assumed (if necessary) that the J;’s are sufficiently small
so that the integral in (2.2) converges for all real 4, An important thermo-
dynamic quantity is m(hy, ..., hy), the average magnetization per site,
defined as

@3) m=l§E{X}=l§—a-an(h hy)
. N,‘-l i N,'-l ah' Peeesliiy)
The GHS inequality states [GHS] that in a spin-1 model
33
ahiahja'hk' InZ(hy,...,hy) <0 forallh >0,

4)
Jyreal (i=1,...,N), J;>0 (1<i#j<N),

and any choice of (not necessarily distinct) sites i,j,k € A.
REMARK 2.1. For a spin-; model, the values of the J,’s are not important
because the J; terms in the Hamiltonian (2.1) contribute only the constant
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exp(Z,J;) to (2.2). On the other hand, our necessary and sufficient conditions
in Theorem 2.4 refer to the GHS inequality in the extended form (2.4).
Notice that in its simplest form (N = 1, J,; = 0) (2.4) states that

3
@2.5) 5}73 In [ep(dx) < O forh > 0.

Applied to (2.3), the GHS inequality implies that 3%m/ 0h;dh, < 0 so that, for
example, the magnetization m(h, . . . , h) is a convex function of the external
field strength A when & > 0, J;; real, J; > 0 fori # j.

In [EMN] and [Sy] the GHS inequality was extended from spin-] models
by studying classes of non-Bernoulli measures p; € & for which (2.4) is valid.
Inequality (2.4) is not true for all p, € &. In fact, the measures

p(dx)=ad(x) +3(1 —a)((x — 1)+ 8(x+ 1)) fori<a<]l

are simple examples for which even (2.5) fails. The following theorem gives a
somewhat complicated sufficient condition on the p;’s for (2.4) to be valid.
The naturalness of this condition and its relation to exp(— V) will become
clear in the succeeding theorem.

THEOREM 2.2 [EMN]. Given p € &, T an invertible 4 X 4 matrix, and
F € BR*) (Borel sets in R*), let p(F)=p(T"'F), where p(dx), x =
O, ..., x9), denotes T _ ,p(dx®). We denote by § the class of all measures
p € & for which

(2.6) pe(F) > po(F) forall F € B(RL),
where
, 1 1 1 1 1 1 1 1
=1 1 -1 1 -1 =1]1-1 1 -1 1
B 2 1 1 -1 -1 A 2(-1 -1 1 17/
-1 1 1 -1 1 -1 -1 1

and R = {(xD,...,x")x® >0, a=1,...,4). Then inequality (2.4)
holds if each p; € §.

REMARK 2.3. A and B are orthogonal matrices. Hence if p € §, then so is
p(dx) = exp(— Bx?)p(dx) for all B for which p is a finite measure. We shall
need this later.

It was proven in [EMN] that a measure p with nonvanishing C! density f
belongs to § if and only if f € exp(— V). The next theorem considerably
strengthens that result.

THEOREM 2.4. Let p,, . . ., py be even, finite (not identically zero) measures
on R. Then the following four statements are equivalent.

(i) for each i, either p,(dx) = const(§(x — y) + 8(x + )) for some y > 0,
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or else p; is absolutely continuous with respect to Lebesgue measure, and for
some I > 0 (I = o allowed)

X)) .‘% - Jconst °XP(- fo G(») ab?), x €(~11I),
0, x€R\(-LI),

where G(0) = 0and G is convex on [0,I);
(ii) for each i, p; € §;
(iii) given M > O such that
N N N
@8) Z(hy..., hy) = fR exp| 3 b+ B x| I p(dn) < o0
i=1 ij=1 i=1
Jor any b real 1 < i< N), J; real, J; <M (1<i<N),0<J; < M
(1 < i # j < N), the following inequality is valid for any i,,i5i; € {1,..., N}
and any J; as in (2.8):
29)
29) oh; dh, ok,

(iv) for each i and all B > 0,

Z(hy ..., hy) <O forallh;>0,i=1,...,N;

d’ 2
(2.10) <5 f ete=Bp.(dx) < 0 forall h > 0.

REMARK 2.5. As will be seen in the proof, it was essentially known from the
results of [EMN] that (i) = (ii) = (iii) = (iv) (with (iii) = (iv) a triviality), and
a weak version of (ii) = (i) was also implicit in [EMN]. The essential new
ingredient presented here is that (iv) = (i), and the most striking corollary of
this new ingredient is the equivalence of (iii) and (iv). On the other hand, the
extended form of the GHS inequality given in (iii) excludes many (discrete)
measures of physical interest; e.g., the measures [G]

(n+D)o(x—n)+8(x—n+2)+---
+8(x+n-2)+8(x +n)},

forn =23, ..., which define spin-n/2 models.

ReMArRk 2.6. It follows from this theorem (by replacing p(dx) by
exp(— B1x>)p(dx) for some B, > 0) that for a finite even measure p, the
assumption, used in the definition of §, that p € & is redundant. From the
equivalence of (ii) and (iv) and from Remark 2.3, it also follows that (2.10)
need only be assumed true for all B sufficiently large and is then automati-
cally true for all those B (including negative values) for which
exp(— Bx?)p;(dx) is a finite measure.

As a consequence of Theorem 2.4, we have the following useful facts about
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8 and exp(— V,) which will be used in the next section.

PROPOSITION 2.7. Suppose fi,fos < « « s fos - - - € €Xp(— V). Then

@£, f; € exp(—V);

®) filx)e(dx) E G ifp E G;

(C)gg (x) = fexp(—B(x — y))o(dy) € exp(—V,) for all B > O if and only if
PES;

) if f, > f in L*(R;dx) as n— o0 and f > 0, then f € exp(— V).

PROOF. Part (a) follows trivially from the definition of V. while part (b)
follows directly from the equivalence of (i) and (ii) in Theorem 2.4. Part (c) is
an immediate consequence of (ii) and (iv) in Theorem 2.4 since

8(x) = exp =2 + In [ Boe~Pp(5),

so that (d3/dx?) In g(x) < 0 for x > 0 if and only if p € §. To prove part
(d), we first note that by the equivalence of (i) and (ii) in Theorem 2.4, the
measures f,(x) dx obey inequality (2.6). Since this inequality is preserved
under L? limits, it follows that f(x) dx € 8. But since f > 0, f must belong to
exp(—V). O

II1. Proofs of Theorems 1.1, 1.2, and 1.3.

Proor oF THEOREM 1.1. We define the function u(#,x) satisfying (1.4) by
the formula

G.D u(t,') = exp(—tHy)/,
where exp(— tH,) is the continuous L%(R;dx) semigroup generated by — H,,

[K, pp. 348, 491]. We first prove Theorem 1.1 for ¥ = 0. Indeed, denoting
9/0dx by D, we have
1

(3.2) u(t,x)=exp(-tDTz) f(x)= = exp(—(x = »)*/21) f(») &.

Thus the result follows from Proposition 2.7(c). Now given ¥V € V, we have
by the Trotter product formula [C] that

n
u(t,’) = nl-l->n;lo [exp( -ZLn' D’)exp(-— ;tl- V)] f
so that the result follows by Proposition 2.7(a), (c) and (d) once we show that
u(t,) > 0. We defer this until after the proof of Theorem 1.3. []

REMARK 3.1. It is a consequence of the positivity of # and of Proposition
2.7(d) that u(t,;) € C'(R). In proving the positivity (see Lemma 3.3), we
actually show that u € C'*#R;C2**(R)), any 0 < &,8 < 1, and hence u is
a classical solution of (1.4).

PROOF OF THEOREM 1.2. We take f(x) = exp(—x?) and note that by the
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spectral theorem

Qo =

1 . _ _
(QOf) nllg‘lo exp( n(HV EO ))f’

where (-,') denotes the L%(R;dx) inner product. The result now follows from
Theorem 1.1, Proposition 2.7(d), and the strict positivity of €. []

Proor oF THEOREM 1.3. We omit details in this proof, referring the reader
to [GS] for facts about diffusion processes. For any f € C(R), we have
33) —(H — Eo)f = QolLf
(where we have dropped the subscript in Hy, and L;). Since h(t,x) satisfies
the backward diffusion equation

oh/dt = Lh, h(t,")—>f ast—0%,
by (3.3)
h = exp(tL)f = Qg 'exp(—t(H — E;))Q .

Part (a) of Theorem 1.3 thus follows from Theorem 1.1. For part (b), p,,
which satisfies a forward diffusion equation, can be written as p, =
[exp(¢L)]*pq, where [exp(zL)]* is the adjoint semigroup of exp(tL). By (3.3)

[exp(tL)]* = Qofexp(— 1(H — E,))]*25" = Quexp(—t(H - Ey))05",
so that part (b) is also a consequence of Theorem 1.1. Part (c) is immediate
from Theorem 1.1 for thecase V' =0. [J

REeMARK 3.2. The potential ¥ and the drift coefficient F in L, are related
by the Riccati equation

dF/dx + F*=2V - 2E, F(0)=0.

By Theorem 1.2 and equation (1.6), we see that ¥ € Y, implies F convex on
[0,00), while the result of [BL, Theorem 6.1] (quoted after Theorem 1.2)
shows that ¥ convex and in V implies F nondecreasing on [0,0).

We end this section with some facts about the solution u of (1.4).

LeMMA 3.3. The function u defined in (3.1) is strictly positive and belongs to
C'"*A[R;C***(R)),any 0 < a,8 < 1.

Proor. For n=12,..., take ¥, € C'(R) so that V, is bounded and
lim,_ . V,(x)= V(x) for each x ER. Let u, € C'*AR;C?**(R)), any
0< a,8< 1 [F, Theorem 10, p. 72] (also u,(¢,) € L*R;dx)) solve the
Cauchy problem

u,(t,))>f ast—>0*.

Without loss of generality, we may assume that each ¥, and V is nonnegative,
and thus by the maximum principle [F, Chapter 2]
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(349 0 < u, <sup f(x), n=12....
X

By [F, Theorem 15, p. 80] we conclude the existence of a function w(t,x) €
C*BR;C?***[R)), any 0< a,8< 1, such that u, »w uniformly on
compacta and which solves (1.4). Since the approximating u,(t,) € L (R;dx),
we see that w(z,-) € L*(R;dx), and hence w = u. By (3.4), u > 0 and thus by
[F, Theorem 5,p. 3914 > 0. J

IV. Proof of Theorem 2.4. We first state a lemma which will be used several
times in the proof.

LeMMA 4.1 [EMN]. Suppose that V: R—R is even and C'. Then the
Jollowing statements are equivalent.

(a) V' is convex on [ 0,00);
®)

V(x® + x@ + x® 4+ x@) + P (xD + x@ - xO — x@)
+ V(x(l) - x4 x@® x(4)) + V(x(l) - x(2) - x(3) + x(4))
> V(D + x@ 4 5@ — x@) 4 P(xD = xD 4 xO 4 5@)
+V(xD + x@ — xD + x9) + P(x® - xD — xO — x@) onRY;
©) p(dx) =exp(—V(x))dx € §.
REMARK 4.2. Part (b) can be written as

4 4
@.1) S V(A %) > 2 (B ') R,
a=1 a=1

where x = (x@, ..., x¥) and A and B were defined in Theorem 2.2.
PRrOOF. We first show that (b) is equivalent to

[V(x® 4 2@ 4 x0) = V(0 4 @ — x9)]
=[x = x@ + x0) — V' (xD = xP -~ x9)] >0 onR.

Indeed, by the evenness of ¥ we may rewrite (b) as

@ f ! ([V/(x + rx® + x® 4 xO)
-1

4.2)

_ Vf(x(l) + rx(4) + x(2) —_ x(3))]
4.3)

- [ Vr(x(l) + X - x@ 4 x(3))
=V'(xV + x® - x® - xN]1dr>0 onRS.

Dividing by x® and letting x — 0 shows that (4.3) implies (4.2). To see that
(4.2) implies (4.3), we note that by the symmetry of ¥ we may assume without
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loss of generality that x¥ < x®. Now the equivalence of (a) and (b) follows
from the fact that for an odd continuous V", (b) is equivalent to the convexity
of ¥’ on [0,00). This is an elementary exercise with convex functions (see
[EMN, §4] for more details). The equivalence of (b) and (c) follows from the
fact that when stated in terms of V, inequality (2.6) for p is just (b). [

We break the proof of Theorem 2.4 into four natural parts. The last part
contains what is essentially new beyond the results of [EMN]; it is also
technically the most difficult.

PROOF THAT (i) = (ii). We write p for p,, When p(dx) = const(6 (x ~ y) +
8(x + »)), the proof that p € § is an elementary calculation. We suppose
now that p is absolutely continuous and first consider the case when I =
and G in (2.7) is continuous at the origin (by its assumed convexity, G €
C((—1,1)\ {0})). The result then follows from the equivalence of (b) and (c)
in Lemma 4.1. If G is not continuous at the origin, we may write it (as in
(1.3)) as G(x) = G(x) — v sgn(x) with G continuous on R and convex on
[0,00) and y > 0. We then approximate G as lim,_, G, where

G, x> 1/n,
G (x) = {é(x) —nyx, |x|<1/n,

and correspondingly approximate p by

4.4) p,(dx) = const exp(— j; xG,, (6% ajr) dx.

Since G, is continuous at the origin and convex on [0,c0), p, € . Hence
p € § because inequality (2.6) is preserved under the limit p, — p. It only
remains to consider the case when I < c0. We now approximate G by

G(x), R<I=1/n,
G,(x)={GI=1/m)y+a,(x—I+1/n), x>I-1/n,
G(-I+1/n)+a,(x+I-1/n), x<-I+1/n,

where the a,’s are chosen so that a, — o0 and a, > D *G (I — 1/n). Again, it
follows that each p, defined by (4.4),isin §, and thusp € §.

PROOF THAT (ii) = (iii). For each i, we choose 8; > 0 so that 0 < J; + B,
and letting y;(x) = exp(— B,x?)p;(x), we rewrite (2.8) as

N N N
Z(h) = f exP( 2 hix; + 2 ‘,l;xl'xj) H i (dxy),
RY i=1 ij=1 im]

where h = (hy, . .., hy), each y; € &, and each J; > 0. By Remark 2.3, each
i € 8, and thus the result follows from [EMN, Theorem 1.1 and Proposition
4.1]. In order to keep the present paper self-contained, we shall give a new,
independent proof, for which we need two lemmas.
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LeMMA 43.If p € 8, then forallm®, ..., m® =10,1,2,...,

0 <f (x(l))m(l) e (x(4))m(4)p8(dx)
R‘
4.5)
=7 j; GOy '(8(4))m(‘)PA(dx)a

where the minus sign holds if all the m® are odd, the plus sizn holds if all the
m@ are even, and both terms are zero in all other cases.

ProOF. Because of the symmetry of p, both sides of (4.5) vanish unless the
m® are either all even or all odd [EMN, Theorem 2.5(c)]. In the even case,
the symmetry implies that the term involving pg equals the term involving p,,
and both are positive. We now turn to the case where the m are all odd.
Setting F(x®, ..., x®) = [I* _ ,(x®)”* and noticing that B = TA, where

1 0 o0 o
o -1 0o o
z= o 0 -1 oY
0 0 o0 -1
we have
.6) fk Fdpg = fR Fdpgy = - fR Fdpy,

by oddness properties of F. This gives the equality in (4.5) (with the choice of
minus sign). To show the nonnegativity in (4.5), we define p = pg — p, and
find, using (4.6), the symmetry of p, and oddness properties of F, that

2L4de,,=fR4Fd5

= S oW .. 6@ F(sWxW, ..., c9x¥) dp

e@Waxy

.....

But this is positive since p € § implies that p is a positive measure on R‘i.
O

Given h=(h;,...,hy) ERY, we write h >0 if each A > 0. For
RO, ...,k € RV, T an invertible 4 X 4 matrix, we let h, = (¢, ..., h?)
€RYi=1,...,N,and define

KO = (1), ..., (T ") €RY, 0=1,...,4,

LEMMA 4.4. Let h — f(h) be an even real-valued function in C*RY). Then
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SO 0 lijk =1 N,allh >0
Shanany, > 0 Joralik=1...,Nallh>0,
if
4 4
@) S f(E?) > S f(HP) forall K, ... KO > 0.
a=1 am=]

We omit the proof as it is similar to that of Lemma 4.1.

We return to the proof that (i) = (iii) in Theorem 2.4. By the restriction on
the J;s, we note that Z (k) is an entire function of its arguments. Hence, by
Lemma 4.4, we must show

4 4
ZmO, ..., k=]l zne) - L z(re) > 0
(4'8) a=1 a=1

forall A, ..., h® > 0.
Given x®,...,x® €R" and setting x, = (x,...,x?) ER’, we can
rewrite Z as

N N
xexp( > J!-,’-(x,.,xj>) II p(ax),

ij=1 i=1

where ¢ -,-» denotes the R* inner product. Setting

N N
(s, da) = 1 (m)g(dn) = I1 () ()

and using the fact that A and B are orthogonal matrices, we have

Z= fw[exp( ﬁ <h,, Bx, ) - CXP( § ¢hy, Axi>)]

i=] i=]

N N
X exp( 2 Jikx; Xj>) _Hl pi(dx;)

ij=1

i=] iy=1

=]|;4,v°"p( ﬁ <h, x;) + ﬁ JiXi &))T(dx,, vee s dXy).

Now (4.8) follows if we can show the nonnegativity of all the multi-Taylor
coefficients of Z at the origin (since Z is an entire function of the A, J)).
Since each 4 and J;, are nonnegative, it suffices to prove
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N ' “
S L™ ()™ ot ) >0

forallm® =0,12,....
But this follows from Lemma 4.3. [J
PROOF THAT (jii) = (iv). We choose J;; = — B, J; =0forall2 < ijj < N,
hy=hh=0fori=2,...,N, and i, = i, = i; = 1. Then inequality (2.9)
becomes identical to inequality (2.10).
PROOF THAT (iv) = (i). Writing p for p;, we express p as the weak limit of pg
as 8 — oo, where

d :
Bt o (VBT o)

(e, [f dp = limy_, . [f dp, for any bounded continuous f). As in the proof of
Proposition 2.7(c), it follows from (2.10) that

2 -] -10-[G0 4]

with Gg(O) = 0, G smooth (in fact, real analytic), and G, convex on [0,00)
(i.e., d°Gy/dx* > 0 for x > 0). It thus suffices to show that the only finite
measures obtainable as weak limits of such pg’s are those given in Theorem
2.4(i). This will be done after a somewhat long-winded series of elementary
lemmas.

LeMMA 4.5. Define yg = sup{x|x > 0, Gg(x) = 0}. Then lim supg_,,,yg <
00.

Proor. Since Gg(0) = 0 and Gj is convex on [0,00), it follows that on
[0g), Gs < 0 and exp(— V) is nondecreasing. Then for all x,e > 0 with
x+e< yg
4.9) pa([&x + €]) > 3p5([ - x.x]).

If lim sup y, = oo, then by choosing an appropriate subsequence of 8°s and

taking the limit of (4.9), we would have for all x,e > 0 that p([e,x + €])
> % p((— x,x)). But this is impossible for a finite measure p. []

By choosing a subsequence of B’s (if necessary), we may now assume
without loss of generality thaty, = limg_,, y, exists and is nonnegative.
LemMa 4.6. If for some x, > 0, lim supg_,,Gg(x,) = 00, then p((x,,00)) = 0.

ProoF. If Gg(x;) > 0, then on [x,00), G > 0 and G is nondecreasing.
Thus for x, < x,and £ > 0, )

Ve(xy+8) > Va(x; +§) +[V,,’(xl + £)](x2 - x;)

(4.10)
> Vg(x; + &) + Vg'(x)): (x2— xy).
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Exponentiating (4.10) and integrating the resulting inequality yields that

@.11) pa([x200)) < exp(= Gy (x,) - (x; = x,))pg ([ x1,00))-

Thus, if lim sup Gg(x,) = oo, then p((x,,0)) =0 for all x, > x;, which
implies that p((x,,00)) = 0, as desired. [J

LeMMA 4.7. Define Kz = —inf{Gy(x)|x > 0}. Then if Kz >0 (so that
yp > 0)’
(4.12) Gy (x) < —Kp/2 + Kglx — y5/2|/yp = Fp(x),  x €[0y),
@.13) Gp(x) > Kg(x —yg)/ypy % E[yp0).

Proor. Pick w > 0 so that Gg(w) = — Kj. Then 0 < w < y;, and using
the convexity of G, and the fact that G4(0) = 0, we have
4.19) Gy(x) < —Kpx/w < —Kgx/yg,  x €[0Ow],

G (x) < Kg(x —yp)/ (vg — W) < Kz(x — y5) /¥

@.15) ——_—
Gg(x) > Gg(¥p)* (x —yp) > Kg(x = yp)/ (g — W),
@.16) v €l ).

Now (4.16) implies (4.13) while (4.12) follows from (4.14) and (4.15) since
Fy(x) in (4.12) is just max{ — Kgx /v, Kg(x — yp)/vg}. O
LemMA 4.8. If lim sup K, = o, then
p(x)=(0(x=y)+8(x+y))/2 withy =y
ProOF. If lim sup K = oo, then by (4.13) lim sup Gyz(x) = oo for any
x > y.. Hence by Lemma 4.6 p((y,,,%0)) = 0. If y, = 0, then p(x) = §(x),
and we are finished. In order to complete the proof, we suppose y,, > 0 and

proceed to show that p((— ., ¥.,)) = 0. To accomplish this, we use (4.12) to
derive that for 0 < x, < x, < yg,

Vg (x1) = Vp(x) — L Tsz ) > Vg(x) - j;‘ szp ) &
(4.17) > Va(x) - fo “F (y) &y~ f " RO
8

—X12

= Vg (%) + Kz (x; — x,)*/4yp,

where x;, = (x, — x,)/2. Exponentiating (4.17) and integrating the resulting
inequality leads to the fact that for p,e > Owith p + & < yp,

o ([ —mp]) < 2exp(=Kye?/4yp)op([es + e]).
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Hence, if lim sup K, = oo, it follows that for p + & <y, p((—p,p) =0.
Letting e — 0 gives p((—Y o) = 0, as desired. []
LeMMA 4.9. If lim supg_, K < o0, then p({x}) = 0 for every x # 0.
ProoF. For 0 < x; < x,,
Va(x2) = Vi (x)) + fx :"Gp ) &> V(%) = Kz (x2 = x1),
so that for 0 < € < x; < x,,
(8.18) pg([x2 — &x;, + £]) < exp(Kp (x, — x,))pp([ X1 — &%, + €]).
Thus, letting 8 — oo, we have
p({x2}) < p((x: = &x; + ¢))
< exp(K,, (x;, — x))o([ x) — &%, + £]),

where K, = lim sup Kj. Given x, > 0, we pick x; € (0,x,) such that p({x,})
= 0 and let e = 0 in (4.19) to show that p({x,}) = 0. [J

LemMA 4.10. If lim sup, . K, < 0 and for some X > 0, lim supg_, ., G4(X)
< 0, then p(x) is absolutely continuous on (— x,x) and

dp ( x ) -

— =constexp|l—| G , x € (—x,X),

% o|- [0 @ (- %)
where G (0) = 0 and G is convex on [0,X).

Proor. Under the assumptions of the lemma, there exists a constant
K =lim sup (max{KB,Gp (X)}) < e

4.19)

B—-o
such that
(4.20) |Gﬁ (x)l EI Vs (x)| < K, x € [ - )’c',)?],
and thus we have that

(421) Vg(0) - Kx < Vg(x) < V5(0) + Kx, x€[-xX].

If lim inf V3(0) = — oo, then by the second inequality in equation (4.21)
lim sup ps((— X,X)) = co. If lim sup V4(0) = oo, then by the first inequality
in (4.21), lim inf ps((— X,X)) = 0, which by (4.18) would imply that

lim inf pp([x, — &,x, + €]) =0 forall0 < & < x,.

Since p is finite and not identically zero, neither of these two cases is possible,
and consequently V;(0) is bounded above and below as 8 — . By choosing
a subsequence of B’s (if necessary), we may assume without loss of generality
that limg, V;(0) = V,, exists. Since the Gp’s are convex and uniformly
bounded on [0,x] (by (4.20)), we may assume, again without loss of generality
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(by choosing a subsequence, if necessary), that there exists a convex function
G on [0,x] such that G(0) = 0 and G; — G pointwise on [0,x]. Since G must
be continuous on (0,X), it follows that G — G uniformly on compact subsets
of (0,x). After extending G to [— X,x] by oddness and using (4.20), we have
that

V() = V3O + [[G () - Ve + [[GO) & asB>co
uniformly on [— x,X]. Hence
p(dx) = ﬁl‘l_l‘go exp(— Vg (x)) dx

has the stated form. []

PROOF THAT (iv) = (i) COMPLETED. By Lemma 4.8, it suffices to consider the
case when lim sup K < 0. If for all X > 0, lim sup Gg(x) < oo, then by
Lemma 4.10 p has the form given in (i) with I = 0. On the other hand, if for
arbitrarily small X > 0, lim sup Gg(X) = o, then by Lemma 4.6, p(x) =
8 (x), and we are finished. Consequently we may define

Xo = inf{fli >0, lirél_’s:pGB x)= oo}

and assume without loss of generality that 0 < x, < 0. It then follows that
p((x0,0)) = 0 by Lemma 4.6, that p({x,}) = 0 by Lemma 4.9, and that, for
any ¢ > 0, p on (—(x, — €),x, — ¢€) is absolutely continuous with the form
given by Lemma 4.10. Letting e — 0, we obtain the form of (i) with I = x,,.
O
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